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A PREDICTIVE MODEL FOR
ULTRAFILTRATION: COMBINATION OF

OSMOTIC PRESSURE MODEL AND
IRREVERSIBLE THERMODYNAMICS

Sandeep K. Karode*

Water Treatment Division, Thermax Ltd, 
15 Mumbai Pune Road, Wakdewadi, 

Pune 411 003, India

ABSTRACT

An unsteady state model for ultrafiltration that describes transport
within the pores of the ultrafiltration membrane is presented. The
new, improved model combines the osmotic pressure model for
transport in the polarization layer and the irreversible thermody-
namics approach. The model is capable of simultaneously predict-
ing 1) the permeate flux, 2) the permeate concentration, and 3) the
concentration at the membrane feed surface when all the transport
parameters are fixed. The model data are comparable to the exper-
imental data cited in the literature. Model simulations conducted
by varying 1 parameter while the others are kept constant show that
the entire range of observed transmissions is a function of perme-
ate flux. For certain parameter values, the model predicts observed
transmission greater than unity. Hence, in principle, an ultrafiltra-
tion system in which the product of interest is concentrated in the
permeate stream can be designed. The model also correctly pre-
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dicts the experimental observation that the magnitude of observed
transmission that is greater than unity decreases as the feed con-
centration increases.

Key Words: Osmotic pressure; Irreversible thermodynamics;
Model; Unsteady state; Ultrafiltration; Protein

INTRODUCTION

Membrane ultrafiltration has elicited considerable interest in recent years
because it has become an increasingly important separation process for proteins.
Much work has been directed toward understanding the interactions between the
membrane and the protein (1,2). However, in a large majority of cases, the mem-
brane used is either totally retentive or completely permeable to the protein being
subjected to ultrafiltration. The use of partially retentive membranes have the pos-
sible advantage of concentrating the protein in the permeate stream where the ob-
served transmission (�o � Cp /Cf) is greater than unity. This phenomenon, though
rare, has been reported for both unsteady state (3) and steady state (4) operating
conditions. Yet, relatively little understanding exists on the theoretical physics of
this process.

Over the years, the transport through porous membranes has been modeled
based on 3 basic approaches: the Kedem-Katchalsky approach based on irre-
versible thermodynamics (5,6), the Stefan-Maxwell multicomponent diffusion
Eqs. (7–9); and hydrodynamic models (10,11). Each of these approaches, based
on various levels of mathematical rigor, model the transport through the pores as
a combination of diffusive and convective transport.

Transmembrane permeation based on boundary layer phenomena has been
modeled historically in 3 ways: the osmotic pressure model (12,13); the bound-
ary-layer resistance model (14); and the gel-polarization model (15). Song and
Elimelech (16) developed a steady state theory for concentration polarization in
which the solute is modeled as a hard sphere. They show that the permeate flux is
characterized by a dimensionless filtration number and that for filtration numbers
less than 15, one cannot expect the formation of a cake (or gel) layer of rejected
particles on the surface of the membrane. This work was then extended by Song
(17) to estimate the limiting flux in ultrafiltration. In 1998, Elimelech and Bhat-
tacharjee (18) furthered this approach by developing a model based on the equiv-
alence of the osmotic pressure model and filtration theory.

The researchers in all the cited literature rigorously modeled either the trans-
port through the pore or the phenomena occurring in the boundary layer. Very 
little attempt had been made to couple the 2 approaches. In a 1999 short commu-
nication, an unsteady state model was presented in which an attempt was made to
couple the 2 approaches (19). The feed surface concentration was not assumed to
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be constant, and the permeate flux and the permeate concentration were predicted
by the model. The transport through the pore was assumed to be characterized by
an overall, lumped, transport parameter that was assumed to be diffusive in nature.
With such an approach, it was shown that for a certain range of parameters, it was
possible to explain transmission greater than unity.

We improve on the model proposed by Karode (19) by modeling the bound-
ary layer phenomena based on the osmotic pressure model and the transport
through the pore based on the irreversible thermodynamic approach of Kedem and
Ketchalsky (5). The improved model is consistent with experimental data for BSA
(Bovine Serum Albumin) ultrafiltration using partially retentive polyethersulfone
100-K membranes in a stirred ultrafiltration device (20). In their work, Opong and
Zydney (20) evaluated the relative contributions of diffusive and convective trans-
port to the overall protein flux. They evaluated the membrane feed-surface con-
centration using a stagnant film model and hence were able to report the actual
protein transmission (� � Cp /Cw).

After the improved model is compared against experimental data, some
model predictions are presented. The presented model is capable of predicting the
entire range of observed transmission as a function of the permeate flux. Operat-
ing conditions for transmission greater than unity are also presented and discussed.

THEORY

In ultrafiltration, the formation of a concentration polarization layer (Fig. 1)
can be described by

�
�
�
C
t
� � �v �

�
�
C
x
� � Db �

�
�

2

x
C
2� (1)
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Figure 1. Schematic of a concentration polarization layer.
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with the following initial and boundary conditions:

t � 0:0 � x � 	pol; C � Cf (2a)

t 
 0:x � 0; C � Cf (2b)

t 
 0:x � 	pol; vC � Db �
�
�
C
x
�

	�
pol

��Dm �
�
�
C
x
�

	�
pol

� (1 � �)v��
C
K

�� (2c)

The boundary condition at x � 	pol is derived from a continuity of flux. In
Eq. (2c), the solute transport within the pore is modeled based on the irreversible
thermodynamics model (5). Here Dm is the diffusion coefficient for the protein
through the pore of the microporous membrane. In the earlier model (19), Dm was
assumed to be a lumped parameter incorporating the combined effects of hindered
diffusion, affinity between the protein and membrane surface, and the contribu-
tion due to convective transport.

In Eq. (2c), K is a partition coefficient defined as a ratio of the solute con-
centration at the membrane surface in the feed to that in the membrane pore. K
would is a function of the electrostatic interactions between the protein and the
membrane and also a function of steric effects. � is the reflection coefficient,
which according to the classical work of Staverman (21) is 0 for a completely
permeable membrane and unity for an ideally retentive membrane. In the 
words of Staverman, “In intermediate cases (1 � �) is the ratio of solute con-
centrations in a sample before and after flowing through the membrane respec-
tively.” Mathematically, using the symbols used the present work, this can be
written as

1 � � �

Extending the arguments of Spiegler and Kedem (6) to unsteady state conditions,
we can write the governing equation within the membrane (	pol 
 x 
 	pol �
	mem) as

�
�
�
C
t
� � Dm �

�
�

2

x
C
2� � (1 � �) �

�
v

� �
�
�
C
x
� (3)

along with the following initial and boundary conditions:

t � 0:	pol 
 x � 	pol � 	mem; C � 0 (4a)

t 
 0:x � 	pol; vC � Db �
�
�
C
x
�

	�
pol

��Dm �
�
�
C
x
�

	�
pol

� (1 � �)v��
C
K

�� (4b)

t 
 0:x � 	pol� 	mem; ��Dm �
�
�
C
x
�

	pol�mem

� (1 � �)vC � vC (4c)

C	pol � mem

�
C	pol
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In asymmetric ultrafiltration membranes, the pore size gradually changes as
the membrane skin layer merges into the underlying support layer. Therefore, the
environment that a solute molecule enters as it exits the skin layer does not
abruptly change. Hence, a partition coefficient need not be introduced into Eq.
(4c).

Based on the osmotic pressure model, the permeate flux is given by

v � �
�
�
(R
P

m

�
�

�
R
�

a)
� � �

�P
�

�
Rm

�

a

�
� (5)

�� is the osmotic pressure at the feed surface (�pol) of the membrane minus the
osmotic pressure at the permeate surface (�pol � mem) of the membrane, and Rm

and Ra are the resistances offered by the clean membrane and due to adsorption of
the protein on the membrane, respectively.

Osmotic pressure as a function of protein concentration is given by (22)

� � �
R
M
T
� (C � A2C2 � A3C3) (6)

where R is the gas constant; T is the temperature; and M is the molecular weight
of the protein. A2 and A3 are the second and third virial coefficients respectively.

Equations (1–6) were nondimensionalized as follows:

C* � �
C
C

f
�; x* � �

	
x
pol
�; t* � �

	

D
2
p

b

o

t

l
� (7)

After they were nondimensionalized, Eqs. (1–6) were solved through a fi-
nite difference scheme (23) to predict the permeate concentration and the per-
meate flux as a function of time and the concentration in the polarization layer
and through the membrane as a function of spatial distance. The nondimensional
boundary-layer thickness was discretized into 100 equally spaced intervals such
that x* � 0 corresponded to the grid point number 1 and x* � 1 corresponded
to grid point number 101. The membrane was discretized into 20 equally spaced
intervals. By discretizing Eq. (1) through the central finite-difference method
(23), 99 first-order ordinary differential equations (I-ODEs) were solved 
for the concentration profile within the polarization layer. Similarly, discretiza-
tion of Eq. (3) resulted in 19 I-ODEs for the concentration profile within the
membrane.

Discretizing Eq. (2c) then resulted in a nonlinear algebraic equation to 
be solved for the membrane feed-surface concentration C*x*�1 � C*m. This 
was solved by the Newton-Raphson method (23). A similar nonlinear equation
that represented the permeate face of the membrane was a result of the dis-
cretization of Eq. (4c). This too was solved using the Newton-Raphson method
(23).
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DISCUSSION

Model Comparison with Literature Experimental Data

Table 1 gives the model parameters for BSA ultrafiltration data reported by
Opong and Zydney (20). The model was fit to experimental data for a feed con-
centration (Cf) of 5 kg/m3. The diffusivity in the polarization layer (Db) was esti-
mated using the following correlation (24):

Db � �
2.75

M
�

1/3
10�9

� (8)

For BSA (molecular weight 67 kda), the Db value was close to the one estimated
by Opong and Zydney (6.7 � 10�11 m2/s) reported in Table 1. The mass transfer
coefficient (k) for the stirred cell used in the ultrafiltration studies was reported as
5.2 � 10�6 m/s. This was used to calculate the polarization boundary layer thick-
ness (	pol � Db/k). The membrane skin layer thickness was 0.5 �m. The mem-
brane resistance was calculated using the reported hydraulic permeability of 2 �
10�12 m and the viscosity (�) given in Table 1. The virial coefficients for calcu-
lating the BSA osmotic pressure were also reported by Opong and Zydney (20).
Though the manufacturer of the membranes used in their studies reported a sur-
face porosity of 0.8, Opong and Zydney reported that the porosity after protein ad-
sorption was approximately 0.5.

The model was fit to experimental �o � v data (20) by varying the feed pres-
sure (�P), K, and Dm. The model fit to the experimental data for physically real-
istic values of feed pressure and Dm resulted in K � 1. A sensitivity analysis
showed that the model predictions were far more sensitive to Dm than to K. Best
fit values for the model parameters are shown in Table 1.

Table 1. Model Parameters for BSA Ultrafiltration

Parameter Value

Cf 5 kg/m3

Db 6.75 � 10�11 m2/s
Dm 1 � 10�13 m2/s
K 1.0
�P 0–50 kPa
Rma 5 � 1011 m�1

	pol 1.29 � 10�5 m
	mem 0.5 � 10�6 m
� 0.5
� (RT/M)(C � 9.22 � 10�3C2 � 3.01 � 10�5C3) Pa
� 10�3 Pa�s
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Figure 2 shows that the steady state model fit to the experimental data of
Opong and Zydney (20) for a constant value of Dm � 1 �1 0�13 m2/s. This would
correspond to the value of hindered diffusion of BSA (67 kd) with the pores of the
OMEGA 100-K ultrafiltration membranes of molecular weight cutoff value
(MWCO) � 100 kd. Because the permeate flux in Fig. 2 is plotted on a logarith-
mic scale, a slight discrepancy between the model predictions and the experimen-
tal data seem magnified on the logarithmic plot. As can be seen from Fig. 3, the
model effectively captures the minimum in �o as a function of v for low values of
v and also correctly predicts a decreasing trend of � with increasing v. Because the
Dm value is fixed, the permeate flux (v), the permeate concentration (Cp), and the
concentration at the (feed) membrane surface (Cw) are predicted simultaneously.
Furthermore, model prediction of the �-v profile is in good agreement with that
calculated by Opong and Zydney (20) who used a stagnant film model. However,
unlike in the stagnant film model, a constant concentration at the feed surface of
the membrane is not assumed in the current model.

Model Predictions

After verifying that the model data were comparable to literature experi-
mental data, some of the predictions of this improved model will be presented. In
these simulations, 1 parameter has been varied while all other parameters were
held constant at the indicated values.

Figure 2. Model fit to experimental data of Opong and Zydney (20) with model param-
eters given in Table 1.
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(a)

(b)

Figure 3. Model prediction of (a) nondimensional concentration profile in the polariza-
tion layer and through the membrane and (b) transmission for various values of applied
pressure (model parameters given in the text).
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Effect of Pressure

Figures 3a and 3b show the effect of the applied pressure (�P) for constant
feed concentration, Cf � 0.2 kg/m3, a membrane resistance (Rma) of 7 � 1011 m�1,
and a membrane thickness (	mem) of 1 �m (other parameters were as listed in
Table 1).

Figure 3a shows the model prediction of the steady-state nondimensional
concentration profile for various values of �P. As the applied pressure increased,
membrane (feed) surface concentration also increased. Though an almost propor-
tional increase in the surface concentration existed, the nondimensional permeate
concentration (Cp/Cf � �o) was not proportional (Fig. 3b). As a consequence, the
true transmission (� � Cp/Cw) decreased as a function of increased applied pres-
sure. During the model simulations, the filtration number defined by Song and
Elimelech (16) was verified as always less than 15, which indicates the absence of
a gel layer on the surface of the membrane. In the absence of the gel layer, the con-
centration on the feed surface of the membrane is expected to increase as a func-
tion of applied pressure.

For low applied pressures, the permeate flux was proportionally lowered.
Hence, the rate of transport of material toward the membrane surface was also
lower. Consequently, the membrane surface concentration was not substantially
different from the bulk feed concentration and � was almost equal to �o (Fig. 3b).
As �P increased, �o also increased, though at progressively lower rates. As �P in-
creased above a critical value, �o became greater than unity. However, the true
transmission � was far less than unity. Hence, for partially retentive membranes,
for high enough values of applied pressure, the steady-state observed transmission
is greater than unity.

Balakrishnan, Agarwal, and Cooney (4) discussed the possibility of such
steady-state observed transmission being greater than unity. They suggested the
use of a modified-concentration polarization model to explain this phenomenon. In
such a development, an additional transport term is added to the concentration po-
larization model, which according to Balakrishnan, Agawal, and Cooney accounts
for additional flux due to electrostatic interactions between the protein and the
membrane. However, for identical operating conditions using membranes of the
same material but of different MWCO values, they were forced to change the mag-
nitude of this additional transport term to explain the experimental results. The im-
proved model presented is able to explain the experimentally observed trends.

Effect of Hindered Diffusion Coefficient

Figure 4 shows the effect of the diffusivity within the membrane pores (Dm)
for the same feed concentration, membrane resistance, and membrane thickness
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reported for the concentration profiles and transmission prediction previously de-
scribed. The applied pressure was set to 30 kPa and the other model parameters
were as listed in Table 1.

Dm depends on the size of the protein molecule and the size of the pores in
the ultrafiltration membrane. A tighter membrane (lower MWCO) is expected to
lead to a low Dm, and as the MWCO of the membrane increases, Dm is also ex-
pected to increase.

As can be seen from Fig. 4, when all other parameters were kept constant,
an increase in Dm resulted in increased observed transmission and true transmis-
sion values. Such an effect of the MWCO on observed transmission was reported
by Balakrishnan, Agarwal, and Cooney (4) when they first reported that the ex-
perimental steady-state observed transmission was greater than unity when a vor-
tex filter was used.

Effect of Membrane Resistance

Figures 5a, 5b, 5c show the effect of the membrane resistance (Rma) for con-
stant feed concentration, Cf � 1 kg/m3, a diffusivity within the membrane of Dm

� 1 � 10�13 m2/s, and an applied pressure of 100 kPa. The other parameters were
identical to those in Dm modeling.

Figure 4. Model prediction of transmission as a function of diffusivity within the mem-
brane pores (model parameters given in the text).
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(a)

(b)

Figure 5. Model prediction of (a) nondimensional concentration profile in the polariza-
tion layer and through the membrane; (b) flux vs. membrane resistance (solid line) and
nondimensional wall concentration vs. membrane resistance (dashed line); (c) transmission
vs. flux for various values of membrane resistance (model parameters given in the text).

(continued)
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Figure 5a shows the nondimensional concentration profile for various val-
ues of Rma. As the membrane resistance decreases when all other parameters are
held constant, the wall concentration increases. This result is found because a de-
crease in membrane resistance led to a corresponding increase in permeate flux.
Hence, as shown in Fig. 5b, an increase in permeate flux leads to increased trans-
port of material toward the membrane surface, which leads to a corresponding in-
crease in membrane feed-surface concentration.

The corresponding effect on observed and true transmission can be seen in
Fig. 5c. As the permeate flux increased (i.e., the membrane resistance decreased),
the membrane feed-surface concentration became much higher than the bulk feed
concentration. Hence, �o increased and � decreased as the membrane resistance
decreased (i.e., as the permeate flux increased).

Effect of Feed Concentration

Figure 6a shows the effect of feed concentration on the permeate flux as a
function of applied pressure for Dm � 1 � 10�13 m2/s with other parameters iden-
tical to those in the effect of hindered diffusion coefficients modeling. As ex-
pected, for a fixed applied pressure, the permeate flux decreased with an increase
in feed concentration.

Figure 6b shows the effect of concentration on �o and � for a fixed applied
pressure (100 kPa). As can be seen from the figure, an increase in feed concentra-

(c)

Figure 5. Continued.

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
0
:
4
3
 
2
5
 
J
a
n
u
a
r
y
 
2
0
1
1



ORDER                        REPRINTS

A PREDICTIVE MODEL FOR ULTRAFILTRATION 2671

(a)

(b)

Figure 6. Model prediction of (a) flux vs. transmembrane pressure difference, (b) trans-
mission vs. bulk feed concentration, (c) transmission vs. transmembrane pressure differ-
ence for various values of feed concentration (model parameters given in the text).

(continued)
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tion led to a decrease in observed transmission and a corresponding increase in
true transmission. This prediction corresponds with several experimental results
on protein transmission.

Figure 6c shows the effect of applied pressure on transmission for 2 feed
concentrations, 0.5 kg/m3 and 5.0 kg/m3. As can be seen from the figure, the
model predicts a decrease in the magnitude of observed transmission with in-
creasing feed concentrations at all applied pressures. The true transmission how-
ever increases with feed concentration. This prediction is consistent with several
experimental results. The observed transmission should approach a limiting value
for very high applied pressures. However, in the simulations, the applied pressure
was restricted to 0–350 kPa because for higher pressures, the filtration numbers
defined by Song and Elimelech (16) were close to 15.

As shown by the cross-flow filtration theory of Song and Elimelech (16), for
filtration numbers greater than 15, some additional physics must be built into the
model to account for an addition in the permeation resistance due to a gel (cake)
layer of rejected particles.

Effect of Partition Coefficient

Figure 7 shows the effect of the feed-side partition coefficient on the ob-
served transmission when all other parameters were kept constant. As expected,
the observed transmission (�o) decreased as K increased. At very high values of K,

(c)

Figure 6. Continued.
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the observed rejection becomes independent of the other parameters, such as Dm

and �P, and the membrane behaves like an ideal filter with observed transmission
values of 0.

The predictions presented are based on the set of model parameters used to
fit experimental data reported by Opong and Zydney (20) and are given in Table
1. These simulations can be used as an indicator of the effect of system variables
on membrane performance. For quantitative predictions, model parameters must
be estimated for specific cases and then simulations run using the model presented
in this work.

CONCLUSIONS

The data from the improved unsteady-state model for ultrafiltration that
combines the osmotic pressure model and the irreversible thermodynamics model
was consistent with experimental protein ultrafiltration data. The model simulta-
neously predicts the steady-state permeate flux and concentration along with the
concentration at the membrane feed surface. No implicit assumptions are made
regarding the constancy of the membrane feed-surface concentration.

The model predicts that at low applied pressures, the observed transmission,
�o (defined as the ratio of the permeate concentration to the bulk feed concentra-
tion) is almost equal to the true transmission, � (defined as the ratio of the perme-

Figure 7. Model prediction of observed transmission (�o) vs. feed side partition coeffi-
cient (K) (model parameters given in the text).
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ate concentration to the concentration at the membrane feed surface). As the ap-
plied pressure increases, �o increases while � decreases.

With increasing diffusivity within the membrane, at constant applied pres-
sure, both �o and � increase. However, the increase tends to level off at high val-
ues of Dm. Hence, theoretical protein ultrafiltration systems that utilize partially
retentive membranes to create protein concentration in the permeate stream could
be designed.

The model also predicts that with decreasing feed concentration, the mag-
nitude of observed transmission greater than unity increases, a result that was also
seen from experiments by Balakrishnan, Agarwal, and Cooney (4). This result
means that any industrial ultrafiltration system that is designed to concentrate the
protein into the permeate should be operated in a multipass mode (only the reten-
tate stream being recycled into the feed tank). In such an installation, the perme-
ate stream would be progressively concentrated to a greater extent, which would
lead to efficient concentration of the protein.

An increase in the membrane resistance (Rma) leads to a decrease in the per-
meate flux and in the membrane feed-surface concentration. The corresponding
observed transmission is predicted to decrease while the true transmission is pre-
dicted to increase.

Based on the model predictions, the observed transmission (or the mem-
brane rejection defined as Ro � 1 � �o) is found to be controlled by the transport
parameters within the polarization layer and within the membrane pores. Hence,
for a given membrane material, by varying the system parameters (such mass
transfer coefficient and applied pressure), a wide variation in the observed and
true transmission values can be found.

NOMENCLATURE

Aj virial coefficient, j�1,2,3 (Pa�m3j/kgj)
C concentration (kg/m3)
Db diffusion coefficient in polarization boundary layer (m2/s)
Dm hindered diffusion coefficient in the membrane pores (m2/s)
k mass transfer coefficient (m /s)
K partition coefficient (Cw

�/Cw
�) (�)

M averaged molecular weight (d)
�P transmembrane pressure difference (Pa)
Ra resistance due to adsorption (m�1)
Rm membrane resistance (m�1)
Rma (Rm � Ra) (m�1)
t time (s)
v permeate flux (m/s)
x coordinate perpendicular to the membrane (m)
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	 thickness (m)
� membrane surface porosity
� dynamic viscosity (Pa�s)
� osmotic pressure (Pa) (�)
� reflection coefficient (1 � Cp/Cf) (�)
�o observed transmission (Cp/Cf) (�)
� true transmission (Cp/Cw) (�)

Indices

b boundary (polarization) layer
f bulk feed
mem membrane
o observed
p permeate
pol polarization layer
w membrane feed surface
* nondimensional
� in the membrane pore
� in the polarization layer
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